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Abstract
In the following we present the most important properties of positive measures on Borel sets.
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We deﬁne several classes of sets: algebra of sets, σ-algebra of sets, σ-algebra of Borel sets on a topological space.
A class of sets on X is a part nonempty of P(X).
A class of sets R on X it is called ring of sets, provided that, from A, B ∈ R it follows that A∪ B ∈ R and A \ B ∈ R.
A class of setsA will be called algebra of sets provided that it holds:
1. X ∈ A
2. For any A, B ∈ A we have A ∪ B ∈ A and A \ B ∈ A.
AnA algebra will be called σ algebra if for any family (An)n≥1 included inA it follows that ∪n≥1An ∈ A.
It’s clear that the set of parts of X (i.e. P(X)) is a σ-algebra of sets and intersection of a family of σ-algebras is
also a σ-algebra of sets.
If A is a class of sets we denote by σ(A) the intersection of the family of σ-algebras of sets including A. This
class of sets is the smallest σ-algebra of sets includingA and is called σ-algebra generated byA.
Let X be a topological space andT (X) the open (resp. closed) sets of X.We denote byB(X) theσ-algebra generated
by T . Elements of B(X) is called the Borel sets on X. Obviously F ⊂ B(X) and B(X) is also the σ-algebra generated
by F .
A classM of sets of X is called monotonous class if for any monotonous sequence (An)n ⊂ M we have ⋃n An ∈ M
and
⋃
n An ∈ M.
If A is a class of sets we denote byM(A) the intersection of the monotonous family sets including A. This class
of sets is the smallest monotonous class includingA and is called monotonous class generated byA.
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From the deﬁnition of monotonous class of sets it follows that any σ-ring is a monotonous class, hence for any
class of setsA we haveM(A) ⊂ σ(A).
IfM is a monotonous class and ring of sets, thenM is a σ-ring.
Indeed if (An)n≥1 is a sequence ofM we have ⋃n An = ⋃n
(⋃n
k=1 Ak
)
, and the sequence
(⋃n
k=1 Ak
)
n
is an increasing
sequence ofM hence ⋃n An ∈ M.
Theorem 1. If R is a ring of sets thenM(A) = σ(A).
Proof. SinceM(A) is a monotonous class which includedA is suﬃciently to show thatM(A) is a ring of sets.
For each E ∈ M(A) we put L(E) = {F ∈ M(A) | E \ F, F \ E, F ∪ E ∈ M(A)}. Obviously L(E) is a monotonous
class, ∅, E ∈ L(E), F ∈ L(E)⇔ E ∈ L(F). Let E ∈ A. SinceA is a ring⇒ A ⊂ L(E).
Since L(E) is a monotonous class we haveM(A) ⊂ L(E), henceM(A) = L(E). Therefore F ∈ M(A), E ∈ A ⇒
F ∈ L(E) and hence for any F ∈ M(A) we have A ⊂ L(F). Since L(F) is a monotonous class⇒ M(A) ⊂ L(F),
M(A) = L(F), hence for any E, F ∈ M(A) we have E ∈ L(F) i.e. E \ F, E ∪ F ∈ M(A).
ThereforeM(A) is a ring of sets.
Let X be a set and letA be a σ-algebra on X.
A function μ : A → R+ is called a positive measure if μ(φ) = 0 and for any sequence (An)n included in A such
that An ∩ Am = ∅ whenever n  m we have that μ (⋃∞n=1 An
)
=
∑∞
n=1 μ(An).
We denote byM+(A) the set of positive measures onA. From the deﬁnition the following assertions hold:
1. μ is ﬁnite additive, i.e. if A, B ∈ A, such that A ∩ B = φ it follows that μ(A ∪ B) = μ(A) + μ(B).
2. μ is increasing. i.e. A, B ∈ A, such that A ⊂ B it follows that μ(A) ≤ μ(B), and if μ(A) < ∞ then we get
μ(B \ A) = μ(B) − μ(A).
Proposition 1. Let μ ∈ M+(A) be and (An)n a sequence ofA. The following assertions hold:
a) An ↑ A, A ∈ A it follows that μ(An) ↑ μ(A);
b) An ↓ A, A ∈ A and infn μ(An) < +∞ it follows that μ(An) ↓ μ(A).
We present properties of ﬁnite measures on particular σ-algebra of Borel sets.
Theorem 2. Let be B the family of Borel sets on R and μ : B→ R a ﬁnite measure. Then ( ∀ )A ∈ B, we have:
μ(A) = sup{μ(K) | K ⊆ A, K compact}.
Proof. Let be B the family of Borel sets on R and I the family of open-closed intervals from R and C := {A ∈
B; μ(A)} = sup{μ(K) | K  K ⊆ A}.
We show that C is a monotonous class. Indeed, let (An)n≥1 ⊆ C a monotone sequence and A = limn→∞ An.
i) If A1 ⊆ A2 ⊆ A3 ⊆ . . . , we have A = ⋃n≥1 An. Obviously ∀ n ≥ 1, (∃) (Knj) j≥1 ⊆ K on increasing sequence such
that Knj ⊆ An, for any j ≥ 1 and lim j→∞ μ(Knj) = μ(An).
Since the sequences (An)n≥1 and (Knj) j≥1 are increasing, we have supn≥1 μ(An) = μ(A), and supn≥1 μ(Knj) = μ(An)
(n ≥ 1), hence
sup
n, j≥1
μ(Knj) = sup
n≥1
(sup
j≥1
μ(Knj)) = μ(A),
it follows that sup{μ(K) | K  K ⊂ A} ≥ μ(A).
ii) If A1 ⊇ A2 ⊇ A3 ⊇ . . . we obtain the same result.
Hence C is a monotone class.
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Obviously K ⊆ C, hence M(K) ⊆ M(C) = C. We show immediately that I ⊆ M(K) ((a, b] = ⋃n≥1[a, b]
(an ∈ (a, b) and an > a etc.) and fromA := a(I), we have thatA ⊆ M(K). Then (Theorem 1) we have B = σa(A) =
m(A) ⊆ M(K) ⊆ C ⊆ B ⇒ B = C.
Therefore for any A ∈ B we have μ(A) = sup{μ(K) | K  K ⊆ A}, hence μ is regular measure with respect to
compact sets.
Theorem 3. Let be X a metrical space, B the Borel sets of X and μ, ν two ﬁnite measures on B. Then μ = ν⇔ μ(A) =
ν(A), for any A ⊆ X open (resp. closed) set.
Proof. ⇐ The familyA = {A ∈ B | μ(A) = ν(A)} is monotonous.
Indeed, let (An)n≥1 ⊆ B an increasing sequence of A and A = limn→∞ An. Then μ(An) = ν(An), ∀ n ≥ 1 hence
μ(A) = limn→∞ μ(An) = limn→∞ ν(An) = ν(A) (Proposition 1) and A ∈ A. HenceA is monotonous.
From hypothesis it follows that family of open set C on X is included in A, henceM(J) ⊆ A. In the other hand
we have thatM(C) = B (Theorem 1), hence B ⊆ A, therefore B = A.
Corollary 1. Let be B the Borel sets on R and μ, ν two ﬁnite measures on B. Then μ = ν ⇔ μ(I) = ν(I), ∀ I ⊆ R, I
open and bounded interval.
Proof. Let x ∈ R ﬁxed and In = (x − 1n , x + 1n
)
(n ≥ 1). Since μ(In) = ν(In), ∀ n ≥ 1, μ and ν are continuous on B,
(Proposition 1) x = limn→∞ In ⇒ μ(x) = ν(x).
Therefore let be open set D ⊆ R. Obviously exists a sequence of bounded intervals (In)n≥1 such that D = ⋃n≥1 In.
We put Jn =
⋃n
k=1 Ik (n ≥ 1) and we observe that Jn admit a ﬁnite partition with bounded intervals, hence μ(In) = ν(Jn),
and from limn→∞ Jn = D it follows that μ(D) = ν(D). Therefore μ = ν.
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